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Introduction

1. Learn something about epidemiological modeling

2. Provide an introduction to dynamical systems analysis of nonlinear
systems

3. Demonstrate an example system that can be used in Math 255 and
Math 340 to introduce the Jacobian / eigenvalue dynamics

4. Talk about zombies.
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Munz et al. models

Members of the removed (dead) class can resurrect and become zombies.
&S

r g ! II - Fixed birth rate
Sz 6 - Non-zombie-related death rate
—S=Z 0 R

a2

(8 - zombie transmission rate
Figure 1. The basic model.

« - rate at which humans kill zombies
¢ - resurrection rate of dead humans
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Munz et al. models

The basic model can be written as
S'=1—-pSZ—6S
7' =BSZ +(R—aSZ (1)
R =6S+aSZ - (R

This is similar to the basic SIR* models for infectious disease, but has
more than one nonlinear term.

Here, 8+ 7'+ R’ =T and so S+ Z + R — oo as t — oo (if I # 0).
—This results in an apocalyptic scenario where large numbers of people
are either zombified or dead.

* Basic SIR model, for reference:

S’ = —BIS
I'=8IS —vI
R =vI

o [ - = b .
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Munz et al. models

Let's assume a short timescale, so IT = § = 0: no natural birth/death.

S =—BSZ
7' =BSZ+(R-aSZ (2)
R =aSZ - (R

We will analyze these equations for steady-state dynamics to determine
the fate of mankind. Setting the ODE system equal to zero, we get

0=-p3SZ
0=pBSZ+(R—-aSZ
0=aSZ— (R

The first equation implies that either S = 0 or Z = 0; either all the
humans are dead, or all the zombies are dead - no coexistence is possible.

o = = = z 9ac
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Munz et al. models

Plugging in these two possibilities, S =0 & Z = 0, we find the equilibria
(S*,Z*,R*) =(0,2,0) and

(8%, 2", R") = (5,0,0)
The Jacobian of the system is easy to calculate:

J =

-6z —-BS

0
BZ —aZ BS—aS ¢ (3)
aZ —C

aX
(In case you haven't seen this analysis in a while...)

S' = —BSZ

7' =BSZ + (R - aSZ
R =aSZ - (R

Christopher Strickland (CSU)

We can understand the stability of fixed points using Taylor's Theorem.
Let N = (S,Z,R), and F(N) represent the RHS of the ODE system.
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Munz et al. models

1. First, we expand around a fixed point N* = (S*,Z*, R*) using a first
degree Taylor polynomial:

F(N) = F(N*)+ J(N*)- (N = N*) + O(N?) = J(N*)AN + O(N?)

2. Neglecting higher order terms, we can understand the behavior of a
small perturbation AN around N* by solving the linearized system,

dN I
= = J(N N
7 =)

3. After finding eigenvalues & eigenvectors, this yields a solution of the
form:
N(t)=N"+ C171 M 4 Cotpe?! + Cavize?st

Q>
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Munz et al. models

If all eigenvalues have negative real part, then the fixed point is stable.

Otherwise, it is unstable. This linearization analysis holds as long as the
real part of at least one eigenvalue is non-zero.

0 —fs 0
J(s,0,0)=| 0 Bs—as (
0

as —C
det(J — M) = MM N+ [¢— (B—a)s]A — B¢s} =0
0=-AXMN+\—¢), €>0
N YHVP e VA
2T 2 ” y  V

The real part of at least one eigenvalue is always > 0. Human existence in
the absence of zombies is unstable! (S*, Z*, R*) = (s,0,0)
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Munz et al. models

If all eigenvalues have negative real part, then the fixed point is stable.
Otherwise, it is unstable. This linearization analysis holds as long as the
real part of at least one eigenvalue is non-zero.

-8Bz 0 0
J(0,2,0) = Bz—az 0 (
az 0 —¢

det(J — AI) = —A(=Bz — A)(—=C — \)

All eigenvalues have real part < (0. Zombie eradication of humans is stable!
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Munz et al. models

Susceptibles have to be infected first, or killed.

\ > |
[SM1 Pz R

Figure 4. The SIZR model flowchart: the basic model with latent infection.

S' = -BSZ
I'=BSZ —pI

(4)
Z' = pl + (R — aSZ
R =aSZ - (R

Christopher Strickland (CSU)

The analysis is still possible to do by hand, but with a 3rd degree
polynomial. The result is the same: zombies take over the world.
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Munz et al. models

Infected and zombies are quarantined at some rate, only leaving upon death.

Figure 6. Model flow diagram for the Quarantine model.

Here, zombie eradication is possible, but only via somewhat unrealistic scenarios.
Zombies can be treated to return to their human form again.

Figure 8. Model flowchart for the SIZR model with cure.
Coexistence is possible and stable, but humans only exist in low numbers
(depending on parameters).
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Christopher’s zombie model

One major flaw | see with all of these models: everyone in the “removed”
category can become a zombie - including removed zombies!

After extensive research on the subject, | find it an undisputed fact that if
the head of a zombie's brain is destroyed, that zombie is dead - stays dead
for all time!

| propose a New Model:

5 II - Fixed birth rate
I~ g y 0 - Non-zombie-related death rate
pSZ B - zombie transmission rate
ST— —-
S Z R « - rate at which humans kill zombies
yaSZ ¢ - resurrection rate of dead humans

Here, | have also made the human growth rate dependent on the number
of humans left.
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Christopher’s zombie model

The equations are
S'=T11S — BSZ — 6S

7' =BSZ+(R—aSZ (5)
R =65 —CR
and since o
S'+7 +R =TIS(1 - ﬁZ) (6)

population blow-up is no longer assured. The total population is growing if
S >0and 0 < Z <1II/a, and shrinking if Z > II/a (so many zombies to
shoot, | can’t miss!!).

Except in a very particular parameter circumstance, there is only one fixed
point, (S*, Z*, R*) = (0, z,0), which (through a straightforward
calculation) is stable when (IT — §) < S=.

Q>
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Christopher’s zombie model

Once again, let's assume a short timescale so that IT = § = 0.

S' = -8SZ

7' =(B-a)SZ+(R
R =—(R

(7)
Here, R basically represents a finite reservoir of zombies, e.g., restless
undead sprouting from the graveyards. The Jacobian is

—BZ -BS 0
J=| B-a)Z (B-a)S ¢

0 0 e

There are two fixed points, (S*, Z*, R*) = (0, 2,0) and

(S*,Z*,R*) = (N,0,0). R is a forcing term, exponentially decreasing:
R = Rpe™*
Christopher Strickland (CSU)
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Christopher’s zombie model

Once again, stability analysis via linearization is straight-forward
1. We first note that

S'+7Z +R =—-aSZ (9)
so the total population of the system is always decaying (haha)
2. The characteristic polynomial for (S*, Z*, R*) = (0, z,0) is

(=82 =N (=A(=C=X)

so this equilibrium is always stable
3. For (S*,Z*,R*) =

(N,0,0) the characteristic polynomial is
(=B = )N = A)(=C = A)

which is stable for a > 3, and unstable otherwise
So when o > 3, who survives?
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Christopher’s zombie model

Single simulation:

Living human population over time Zombie nurmbers over time
3000 1400
2500 1200
2000 1000
1500 600
o N
1000 600
500 400
0 200
500 [
o 1 2 3 4 5 8 7 8 9 1 o 1 2 3 4 5 & 7 8 9 1

t t

Graveyard dead humans over time

So = 2549 (pop. density of FoCo)
Zy =5 (escapees from lab) .
R() = Sﬂ .
a=1.50

8 = 0.005 (0.05 kill prob./hr per 10 zombies)
¢ = 0.5 (resurrect prob./hr) .
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Apocalyptic simulations

Parameter space results:

Fraction of humans remaining

07 08 03 1 11 12
RO (graveyard dead) as a fraction of SO (human pop. density)
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Christopher’s zombie model

Munz, P., Hudea, I, Imad, J., Smith, R.J. (2009). When zombies attack!:
mathematical modelling of an outbreak of zombie infection. Infectious Disease
Modelling Research Progress, Nova Science Publishers, Inc., 133-150.

Darabont, Frank (creator), 2012 The Walking Dead.
Booth, Mike (designer), 2009 Left 4 Dead 2.

Questions?
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